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INCLUSIONS OF WATERMAN-SHIBA SPACES
INTO GENERALIZED WIENER CLASSES
MAHDI HORMOZI, FRANCISZEK PRUS-WIS´NIOWSKI, AND HJALMAR ROSENGREN
Abstract. The characterization of the inclusion of Waterman-Shiba spaces ΛBV (p) into gen-
eralized Wiener classes of functions BV (q; δ) is given. It uses a new and shorter proof and
extends an earlier result of U. Goginava.
Let Λ = (λi) be a Λ-sequence, that is, a nondecreasing sequence of positive numbers such
that
∑ 1
λi
= +∞ and let p be a number greater than or equal to 1. A function f : [0, 1] → R
is said to be of bounded p-Λ-variation if
V (f) := sup
(
n∑
i=1
|f(Ii)|p
λi
) 1
p
< +∞,
where the supremum is taken over all finite families {Ii}ni=1 of nonoverlapping subintervals of
[0, 1] and where f(Ii) := f(sup Ii)− f(inf Ii) is the change of the function f over the interval Ii.
The symbol ΛBV (p) denotes the linear space of all functions of bounded p-Λ-variation with do-
main [0, 1]. The Waterman-Shiba space ΛBV (p) was introduced in 1980 by M. Shiba [21]. When
p = 1, ΛBV (p) is the well-known Waterman space ΛBV (see e. g. [25] and [26]). Some of the
properties and applications of functions of class ΛBV (p) were discussed in [8], [9], [11], [12], [16],
[17], [18], [19], [20], [22], [23] and [24]. ΛBV (p) equipped with the norm ‖f‖Λ, p := |f(0)|+V (f)
is a Banach space.
H. Kita and K. Yoneda introduced a new function space which is a generalization of Wiener
classes [13] ( see also [14] and [1]). The concept was further extended by T. Akhobadze in [2]
who studied many properties of the generalized Wiener classes BV (q, δ) thoroughly (see [3],
[4], [5], [6], [7]).
Definition 1. Let q = (q(n))∞n=1 be an increasing positive sequence and let δ = (δ(n))
∞
n=1 be an
increasing and unbounded positive sequence. We say that a function f : [0, 1] → R belongs to
the class BV (q; δ) if
V (f, q; δ) := sup
n≥1
sup
{Ik}


(
s∑
k=1
|f(Ik)|q(n)
) 1
q(n)
: inf
k
|Ik| ≥ 1
δ(n)

 <∞,
where {Ik}sk=1 are non-overlapping subintervals of [0, 1].
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If δ(n)1/q(n) is a bounded sequence, then BV (q; δ) is simply the space of all bounded
functions. This follows from the estimate(
s∑
k=1
|f(Ik)|q(n)
) 1
q(n)
≤ 2Cs 1q(n) ≤ 2Cδ(n)
1
q(n)
, |f(x)| ≤ C.
The following statement regarding inclusions of Waterman spaces into generalized Wiener
classes has been presented in [10]: if limn→∞ q(n) = ∞ and δ(n) = 2n the inclusion ΛBV ⊂
BV (q, δ) holds if and only if
(1) lim sup
n→∞
{
max
1≤k≤2n
k
1
q(n)
(
∑k
i=1
1
λi
)
}
< +∞.
Our result formulated below extends the above theorem of Goginava essentially and furnishes a
new and much shorter proof.
Theorem 1. For p ∈ [1,∞) and q and δ sequences satisfying the conditions in Definition 1, the
inclusion ΛBV (p) ⊂ BV (q; δ) holds if and only if
(2) lim sup
n→∞

 max1≤k≤δ(n) k
1
q(n)
(
∑k
i=1
1
λi
)
1
p

 < +∞.
Before we present a relatively short proof of Thm. 1, we give an example showing that it
provides a non-trivial extension of (1) even for p = 1. The example – provided by the referee
kindly instead of our more complicated one – is obtained by taking λn = n, q(n) =
√
n
and δ(n) = 2
√
n. With those choices, it follows immediately that the Goginava indicator (1) is
infinite while (2) holds.
Proof of Thm. 1. To show that (2) is a sufficiency condition for the inclusion ΛBV (p) ⊂
BV (q; δ), we will prove the inequality
(3) V (f, q, δ) ≤ VΛBV p(f) sup
n

 max1≤k≤δ(n) k(∑ki=1 1/λi) q(n)p


1
q(n)
.
This is a consequence of the numerical inequality
(4)
s∑
j=1
xqj ≤

 s∑
j=1
xjyj


q
max
1≤k≤s
k(∑k
j=1 yj
)q ,
which is valid for q ≥ 0 and
x1 ≥ x2 ≥ · · · ≥ xs ≥ 0,(5)
y1 ≥ y2 ≥ · · · ≥ ys ≥ 0.
In the cases q ≥ 1 and 0 ≤ q < 1, (4) is a reformulation of [15, Lemma] and [11, Lemma 2.5],
respectively.
To prove (3), consider a non-overlapping family (Ik)
s
k=1 with inf |Ik| ≥ 1/δ(n). In partic-
ular, s ≤ δ(n). Apply (4) with q replaced by q(n)/p, xj = |f(Ij)|p and yj = 1/λj , where we
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reorder the intervals so that (5) holds. This gives
 s∑
j=1
|f(Ij)|q(n)


1
q(n)
≤

 s∑
j=1
|f(Ij)|p
λj


1
p
max
1≤k≤s
k
1
q(n)
(
∑k
j=1
1
λj
)
1
p
≤ VΛBV p(f) max
1≤k≤δ(n)
k
1
q(n)
(
∑k
j=1
1
λj
)
1
p
.
Taking the supremum over n yields (3).
Necessity. Suppose (2) doesn’t hold. Then there is an increasing sequence (nk) of
positive integers such that for all indices k
(6) δ(nk) ≥ 2k+2
and
(7) max
1≤n≤δ(nk)
n
1
q(nk)(∑n
i=1
1
λi
) 1
p
> 2
2k+ k+1
q(1) .
Let (mk) be a sequence of positive integers such that
(8) 1 ≤ mk ≤ δ(nk),
and
(9) max
1≤n≤δ(nk)
n
1
q(nk)(∑n
i=1
1
λi
) 1
p
=
m
1
q(nk)
k(∑mk
i=1
1
λi
) 1
p
.
Denote
Φk :=
1∑mk
i=1 1/λi
.
Consider
gk(y) :=


2−kΦ1/pk , y ∈ [ 12k +
2j−2
δ(nk)
, 1
2k
+ 2j−1δ(nk)); 1 ≤ j ≤ Nk,
0 otherwise,
where
Nk = min{mk, sk}, sk = max
{
j ∈ N : 2j ≤ δ(nk)
2k
+ 1
}
.
Applying the fact that 2(sk + 1) ≥ δ(nk)2k + 1 and (6), we have
(10)
2sk − 1
δ(nk)
≥ 2−k−1.
The functions gk have disjoint support and the series
∑∞
k=1 gk(x) converges uniformly to
a function g. Thus,
‖g‖Λ,p ≤
∞∑
k=1
‖gk‖Λ,p =
∞∑
k=1

2Nk∑
j=1
(2−kΦ1/pk )
p
λj


1/p
≤
∞∑
k=1
2−k

2 Nk∑
j=1
Φk
λj


1/p
≤
∞∑
k=1
2−k

2 mk∑
j=1
Φk
λj


1/p
=
∞∑
k=1
2−k
(
2
∑mk
j=1
1
λj∑mk
j=1
1
λj
)1/p
< +∞,
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that is, g ∈ ΛBV (p).
If Nk = mk, then 2Nk − 1 ≥ mk, and if Nk = sk, then
2Nk − 1
(10)
≥ δ(nk)
2k+1
(8)
≥ mk
2k+1
.
Hence
(11) 2Nk − 1 ≥ mk
2k+1
for all k.
Now, given any positive integer k, all intervals [ 1
2k
+ j−1δ(nk) ,
1
2k
+ jδ(nk) ] for j = 1, .., 2Nk − 1,
have length 1δ(nk) and thus
V (g, q, δ) ≥

2Nk−1∑
j=1
∣∣g ( 1
2k
+ j−1δ(nk)
)
− g
(
1
2k
+ jδ(nk)
)∣∣q(nk)


1
q(nk)
=
(
(2Nk − 1)(2−kΦ
1
p
k )
q(nk)
) 1
q(nk)
=
1
2k

 2Nk − 1(∑mk
i=1
1
λi
) q(nk)
p


1
q(nk)
(11)
≥ 1
2k

 12k+1 · mk(∑mk
i=1
1
λi
) q(nk)
p


1
q(nk)
(7), (9)
≥ 2
k+(k+1)/q(1)
2(k+1)/q(nk)
≥ 2k.
Since k was arbitrary, V (g, q, δ) must be infinite which shows that g /∈ BV (q; δ). 
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